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Abstract
It is shown how to obtain asymptotic stability in second-order undamped systems using

time-delay action in the feedback of position. The effect of the delay is similar to derivative
feedback in modifying the behavior of the system. Results are given on the selection of
the controller parameters both in the absence and the presence of additional delay in the
feedback path. The time-lag position feedback is shown to compare favorably with the
conventional PD controller in terms of stability.
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1 Introduction

In many practical examples, simple position feedback is not sufficient to obtain satisfactory
performance from a control system, and one needs additional knowledge such as of the rate
of change of the position. In the absence of measurement of the derivative, a control engi-
neer could consider using an observer to reconstruct the state, but this might degrade the
performance to some extent [1]. Furthermore, an observer is clearly not an option for many
naturally occurring control systems, like those responsible for human neuro-muscular actions.
An alternative might be to use the time-delay action in the controller. An example is the “pro-
portional minus delay controller” (PMD controller for short), introduced by Suh and Bien [2]
for a control action using a linear combination of the instantaneous and delayed values of
the position. There are examples of how the performance of the PMD controller could be
superior to the conventional proportional-plus-derivative (PD) scheme [3]. Such positive uses
of time-delay actions have been noted in the literature [4, 5]. On the other hand, care should
be taken in the choice of parameters in the design of delay controllers since the presence of the
delay often tends to destabilize the closed-loop system. The results given in [2, 3] are mostly
based on approximation and numerical simulation, and a more rigorous analysis of the PMD
controller is desirable.

The aim of this work is to present an analytical treatment of the stability problem in the
context of delayed feedback control of the inverted pendulum. The pendulum is chosen as
a prototype of a simple and challenging control task; however, the results are presented in
more generality and are applicable to any second-order undamped system. Sharp results are
given on how to choose the feedback parameters to obtain asymptotic stability. Also treated
is the practical problem where the action of the controller itself is delayed, so there is no
instantaneous feedback of position. This is a case which is especially applicable to biological
control mechanisms, where the feedback paths may involve significant delays.
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2 Time-Delay Action in the Controller

The motion of the planar pendulum in absence of friction is governed by the familiar equation

θ̈ +
g

l
sin θ = 0,

where θ is the angular displacement measured from the natural rest position, l is the length
of the pendulum, and g is the gravitational acceleration. The stability of the two equilibria is
determined by the linearized equation

ẍ(t)± g

l
x(t) = 0,

where x denotes the deviation from the equilibrium, and the plus and minus sign apply for the
natural (θ = 0) and the inverted (θ = π rad) equilibrium positions, respectively. We consider
the problem of making the equilibria asymptotically stable using an external torque u. Thus,

ẍ(t)± g

l
x(t) = u(t). (1)

It is known that stability can be attained by the conventional PD controller, i.e., when

u(t) = px(t) + dẋ(t), (2)

for suitable constants p and d; however, if ẋ is not available for feedback, then asymptotic
stability is not possible by this scheme. If all one has for measurement is the position x, an
alternative is to use the so-called PMD controller

u(t) = âx(t) + b̂x(t− τ), (3)

where τ is a positive constant representing the time-delay action. We will consider the system
(1) under the feedback law (3). Although following [2] we will refer to (3) as proportional
minus delay controller, we will see that the sign of the delayed term need not always be
negative.

Rescaling the time t → t/τ normalizes the delay to 1, resulting in the equation

ẍ(t)± τ2 g

l
x(t) = ax(t) + bx(t− 1), (4)

where a = τ2â, b = τ2b̂t, and the derivatives are now with respect to the new time. Letting
k = −a± τ2g/l, the question then is to determine the stability of equations of the form

ẍ(t) + kx(t) = bx(t− 1). (5)

The necessary and sufficient conditions for stability are given in the next proposition.

Proposition 1 The zero solution of (5) is asymptotically stable if and only if

0 < (−1)nb < min{k − n2π2, (n + 1)2π2 − k} (6)

for some nonnegative integer n.
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Figure 1: Regions of stability of Equation (5) on the k-b parameter plane. The numbers in
each region denote the number of roots with positive real parts.

This result has appeared before [6]. Nevertheless, a proof is outlined below to illustrate the
technique which will also be used in the proof of Proposition 2 in the next section. Moreover,
the resulting stability diagram (Figure 1) makes it possible to identify the types of bifurcations
that can arise in the full nonlinear equation.

Proof of Proposition 1. The roots λ of the characteristic equation

∆(λ) = λ2 + k − b exp(−λ) = 0. (7)

corresponding to (5) depend smoothly on the parameters k and b; hence, a change in stability
is possible only when one or more roots cross the imaginary axis of the complex plane. The
locus of points (k, b) for which a purely imaginary root exists partition the k-b parameter plane
into regions inside which the number of roots with positive real part remains constant [4, 7].
A straightforward calculation which involves letting λ = iω, ω ≥ 0, substituting into (7), and
separating the real and the imaginary parts shows that a purely imaginary root exists either
when

b = 0, k ≥ 0, (8)

or when
k = (−1)nb + (nπ)2, n = 0, 1, 2, . . . . (9)

On the k-b parameter plane, the sets (8) and (9) are straight lines which partition the plane
into regions as shown in Figure 1. The numbers in each region indicate the number of roots
with positive real part, which are determined as follows. It is checked easily that (7) has no
repeated roots on the imaginary axis, and for b = 0 and k negative, it has a single unstable
root. As one moves around the plane, a pair of roots ±iω cross the imaginary axis each time
the sets (9) or (9) is intersected (except on the line k = b, where only a single root ω = 0
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crosses). The direction of the motion is found by implicit differentiation of (7) and calculating
∂(Reλ)/∂b. This information is enough to complete the picture as in Figure 1. The simple
triangular shape of these regions of stability makes it possible to write down the analytical
description given in (6).

When applying Proposition 1 to the pendulum equation (4), we note that a can always be
chosen so that k = −a ± τ2g/l satisfies the conditions in the proposition. This leads to the
following corollary.

Corollary 1 For any positive value of the delay τ , there exists a feedback of the form (3) such
that the inverted equilibrium position of the pendulum is asymptotically stable.

Several remarks are in order. First, the conclusion of the above corollary is false when the
delay τ is zero; hence, the presence of the delay actually is desirable in this case. Also, by
Proposition (1), the regular equilibrium position θ = 0 can be made asymptotically stable even
with a = 0, i.e., with no instantaneous feedback, provided that τ2g/l 6= nπ for any integer π.
Again, this is not possible when the delay is zero. Finally, the factor (−1)n multiplying b in
(6) shows that positive feedback may be necessary to achieve stability.

3 Additional Delay in the Control Signal

In many systems delays are an inherent factor. It thus makes sense to consider the stability
of the inverted pendulum when the action of the control u itself is delayed in (1), i.e.,

ẍ(t)− g

l
x(t) = u(t− τ). (10)

Using (3) and rescaling the time as before one obtains

ẍ(t) + kx(t) = ax(t− 1) + bx(t− 2), (11)

with k = −τ2g/l. The stability properties of equations of this form are characterized in the
following proposition.

Proposition 2 Suppose k < 0. Then the zero solution of (11) is asymptotically stable if and
only if k > −1,

−k < b < (π/2)2 − k, (12)

and
−2b cos

√
b + k < a < k − b. (13)

Proof. The characteristic equation for (11) is

∆(λ) = λ2 + k − a exp(−λ)− b exp(−2λ) = 0. (14)

We fix the value of k and determine the locus of points on the a-b plane which give rise to
purely imaginary roots. Thus letting λ = iω in (14), separating the real and imaginary parts,
and using simple trigonometry lead to the pair of equations

2b cos2 ω + a cosω + (ω2 − k − b) = 0 (15)
(a + 2b cosω) sinω = 0. (16)
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Equation (16) is satisfied when sinω = 0, which implies that ω = nπ and cosω = (−1)n,
n = 0, 1, 2, . . . . Substituting into (15) gives the set of lines

b + (−1)na = k − (nπ)2, n = 0, 1, 2, . . . (17)

on the a-b plane. On the other hand if sinω 6= 0, then (16) necessitates that a = −2b cosω.
Substituting into (15) gives ω2 = b + k, so that

a = −2b cos
√

b + k. (18)

If we let γ to denote the curve defined by (18), then γ and the set of straight lines (17) partition
the a-b plane into regions, in each of which the number of unstable roots is determined as before
by implicit differentiation of (14) on the boundaries. Note that the curve γ exists only for
values of b ≥ −k, and intersects every line in the set (17). For stability, however, its position
with respect to the line b + a = k (corresponding to n = 0 in (17)) turns out to be important.
There are two qualitatively distinct cases, as depicted in Figure 2, depending on whether a
region of stability exists or not. The critical position separating these two cases occurs when
γ is tangent to the line b + a = k at the point b = −k. The slope of γ is readily calculated
from (18) to be

∂a

∂b

∣∣∣∣
b=−k

= −k − 2;

hence the critical value is k = −1. For −1 < k < 0, the stability region shown in Figure 2(i)
is given by (13). Since γ and the line b + a = k intersect infinitely often, an upper bound is
needed on b to correctly describe the stability region shown in Figure 2. This is easily done
by using the first zero (π/2)2 − k of the curve γ, which results in the condition (12).

Using the fact that k = −τ2g/l for the inverted pendulum, the following conclusion is
arrived at.

Corollary 2 There exists a feedback of the form (3) such that the zero solution of (10) is
asymptotically stable if and only if τ <

√
l/g.

4 Concluding Remarks

Delayed controller action occurs in many biological systems. For example, the act of balancing
a stick on our fingertip can be modelled by an equation of the form (10). The feedback
action originating in the human neuro-muscular system is probably quite complicated, but
surprisingly reliable conclusions can be drawn even by assuming this feedback to be of the
simple PMD form given by (3). For instance, using the fact that the reflex delay in the
balancing act is on the order of 0.1 sec, Corollary 2 implies that it is not possible to balance
a stick shorter than about 10 cm, a fact which can be attested by anyone who has done the
experiment.

Proposition 2 implies that equation (11) can be stabilized by a proper choice of a and
b if and only if k > −1. The region of stability shown in Figure 2(i) can be rather small,
however, if k is close to −1. In case the system parameters (for instance the delay τ) is
only approximately known, achieving stability can then be a delicate matter, especially under
external noise. On the other hand, this sensitivity can also be used in some cases to estimate
the unknown system parameters. For instance, in the example of the above paragraph, the
observation that 10 cm is about the shortest stick that can be balanced on a fingertip leads
to the estimate that the reflex delay is about 0.1 sec.
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Figure 2: The two cases where a region of stability exists (i), or does not exist (ii), for Equation
(11).
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The inverted pendulum with conventional PD controller under delay was treated in [8].
Although the system considered there is slightly different, when translated into our notation,
Theorem 3 in [8] reads as follows: There exists a feedback of the form (2) such that the zero
solution of (10) is asymptotically stable if and only if τ <

√
2l/g. By Corollary 2, it is

seen that the allowable delays are comparable in both the PD and PMD controllers, the PD
controller being able to work under delays which are larger by a factor of

√
2. On the other

hand, we have assumed in our treatment that the delay introduced in the PMD controller (3)
and the delay in the feedback path (10) are equal. It is expected that as the delay introduced
in the controller is made smaller compared to the delay in the feedback path, the allowable
delay under PMD control approaches to that under PD control, since the derivative action is
better approximated then.

In summary, it is shown that the inverted pendulum can be stabilized using only the
position information in the feedback. In case the feedback itself is delayed, stabilization is still
possible as long as the delay is not larger than a critical value. The PMD controller used is
thus shown to provide an alternative to the PD control. This can be important in applications
where the derivative is either not available for measurement, or its use is hampered by the
presence of high-frequency noise.
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