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Abstract

Neuromuscular reflexes with time-delayed negative feedback, such as the pupil
light reflex, have different rates depending on the direction of movement. This
asymmetry is modeled by an implicit first-order delay differential equation in which
the value of the rate constant depends on the direction of movement. Stability
analyses are presented for the cases when the rate is 1) an increasing and 2) a
decreasing function of the direction of movement. It is shown that the stability of
equilibria in these dynamical systems depends on whether the rate constant is a
decreasing or increasing function. In particular, when the asymmetry has the shape
of an increasing step function, it is possible to have stability which is independent
of the value of the time delay or the steepness (i.e., gain) of the negative feedback.

1 Introduction

Mathematical models for neural reflex mechanisms often take the form of a first-order
delay differential equation

ẋ(t) + αx(t) = f(x(t− τ)), (1)

where x(t) and x(t− τ) are, respectively, the values of the controlled variable at times
t and t − τ , α is a rate constant and f describes the feedback. The time delay, τ ,
is an essential feature of the feedback mechanisms and arises because of finite axonal
conduction and neural processing times. Models of the form of (1) have been used, for
example, to describe the pupil light reflex [8, 9, 10, 11, 15], the control of respiration [12],
recurrent inhibition in the hippocampus [13], and human postural sway [4]. Equation
(1) when α is constant has been treated in some detail in the mathematical literature [5,
6, 14]. In many neuro-muscular reflexes, α is not constant but depends on the direction
of motion: α = α(ẋ(t)). A well studied example is the pupil light reflex where the rate
of dilation can be nearly five times slower than the rate of constriction [15, 17]. In part
this rate asymmetry reflects the fact that different anatomical pathways are involved in
controlling the opposing pupillary movements. However, Clynes was the first to point
out that rate asymmetry does not simply arise from anatomical considerations [2, 3].
He showed that in reflexes with a single channel of biological information transmission,
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the impossibility of negative chemical concentrations of neural firing rates implied an
asymmetry in the response of the reflex so that it responds differently to increases or
decreases in the operating level. He coined the phrase “unidirectional rate sensitivity”
to describe this observation and proposed that it was a biocybernetic law for reflex
systems. Situations in which “parameters” depend on the state of the system also
commonly arise in engineering contexts and form the basis, for example, for the use of
phase plane techniques to control nonlinear dynamical systems [16].

References [9] and [15] provide an example of a model of the pupil light reflex of
the form (1) wherein α is directionally dependent. There x denotes the pupil area, and

α(ẋ) =

{
αc if ẋ < 0
αd if ẋ > 0

,

with αc and αd constants for constriction and dilation, respectively, satisfying αc > αd.
A similar model appears in [10] written in terms of the iris muscle activity. Since the
muscle activity and pupil area are inversely related, α in this case appears with the
roles of αc and αd reversed. This motivates the consideration of (1) where α is a general
function of ẋ, either increasing or decreasing.

All the various models have at least one steady-state (equilibrium), where ẋ = 0. A
major question is whether this equilibrium is stable, so that sufficiently nearby initial
conditions lead to the steady-state. If so, the biological reflex controls the variable in
question: deviations from the desired state are damped. However, if small deviations
from steady-state get amplified, then the control is deficient. A major matter that is
studied here is the efficiency of the control mechanism modeled by (1) in the context
of damping the deviations and stabilizing the steady-state.

When α depends on the direction of motion, (1) becomes an implicit delay differen-
tial equation. Implicit delay equations have received little attention. Here we consider
two generic cases, i.e., α is either an increasing or decreasing function of ẋ. The paper
is organized as follows. In Section 2 we consider the case that α is an increasing func-
tion of ẋ. We show that this leads to a well-defined model with unique nonnegative
solutions for given nonnegative initial data. We also show that the presence of the
asymmetry tends to stabilize the equilibria when α is a continuous function (Section
2.1). The stability properties improve as α becomes steeper at the origin. In fact, when
α is a step function (Section 2.2), stability is attained regardless of the value of the
delay τ present in the system or the steepness of the feedback function f . In Section
3 we discuss the case when α is a decreasing function of ẋ. In this case the stabilizing
effect of the asymmetry on the reflex is not seen.

2 Increasing Rate Function

In this section, Equation (1) is analyzed when α is an increasing function of ẋ. This
analysis is first presented for the case that α is a continuous function (Section 2.1)
and then extended to the special case that it is a step function (Section 2.2). We
first address the basic questions of existence and uniqueness of the solutions arising
from dealing with an implicit differential equation. We then show that the presence of
the asymmetry stabilizes the equilibria by increasing the threshold value for the Hopf
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bifurcation when α is a continuous function, and by preventing the Hopf bifurcation
altogether when α is a step function.

In dealing with (1) it is convenient to rescale the time t to normalize the delay.
Letting ε = τ−1, keeping in mind that α = α(ẋ(t)), and setting t = sε−1 and x(t) =
x̄ (s) gives

ε
dx̄ (s)

ds
+ α

(
ε
dx̄ (s)

ds

)
x̄ (s) = f (x̄ (s− 1)) .

Hence, we will consider the equation with unit delay:

εẋ (t) = −α (εẋ (t)) x (t) + f (x (t− 1)) , ε > 0, x ≥ 0, (2)

now with ε appearing as a parameter which is inversely related to the time delay. Since
f denotes negative feedback, we will also make the following standing assumptions:
(Here, R+ denotes the nonnegative real numbers.)

(F) The function f : R+ → R+ is continuous and nonincreasing.

2.1 Continuous Model

Consider a general rate function α, as shown in Figure 1-(a), satisfying the following
conditions.

(A) The function α : R → R is continuous and nondecreasing, with α(0) = 1. Fur-
thermore, there exist positive constants αd and αc such that

αd ≤ α(u) ≤ αc for all u ∈ R.

The condition α(0) = 1 above is not an additional restriction but simply a normalization
assumption. Indeed, if α satisfies the conditions (A) except the requirement that α(0) =
1, then dividing (2) through by α(0) one obtains the equation

ε̄ẋ (t) = −ᾱ (ε̄ẋ (t)) · x (t) + f̄ (x (t− 1)) ,

where
ε̄ =

ε

α (0)
, ᾱ (u) =

α (u · α (0))
α (0)

, f̄ (x) =
f (x)
α (0)

,

and ᾱ satisfies ᾱ(0) = 1.
If the derivative ẋ(t) could be solved as a function of x(t) and x(t− 1), say

εẋ (t) = h (x (t) , x (t− 1)) (3)

for some function h with appropriate continuity properties, it would be possible to
use the standard theories to answer the questions of existence or uniqueness of the
solutions. The next lemma shows that this can indeed be done.

Lemma 1 Suppose the conditions (A) are satisfied and f : R+ → R is continuous.
Then there is a unique function h : R+ ×R+ → R satisfying

h(x, y) = −α(h(x, y)) · x + f(y). (4)
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Figure 1: Continuous (a) and step function (b) models for the response asymmetry.



Atay & Mallet-Paret 5

The function h is continuous; furthermore, it is Lipschitz-continuous in its first argu-
ment. Specifically,

|h(x1, y)− h(x2, y)| ≤ αc |x2 − x1| (5)

for all x1, x2, y in R+.

Proof. Fix x, y ∈ R+ and consider the continuous mapping h 7→ (h+α(h)x−f(y))
defined on R. Since α is bounded by assumption, letting h → ±∞ shows that this
mapping takes on both positive and negative values. Hence, by continuity it must have
a zero, i.e., there is an h satisfying

h = −α(h) x + f(y). (6)

Now let h′ be any other zero; without loss of generality, assume h ≥ h′. Equation (6)
implies that

h− h′ = (α(h′)− α(h))x ≤ 0,

where we have used the fact that α is nondecreasing. Thus h = h′, implying that there
is a unique number h = h(x, y) satisfying (6). To prove that h depends continuously
on x and y, consider the difference

h(x1, y1)− h(x2, y2) = α(h(x2, y2))x2 − α(h(x1, y1))x1 + f(y1)− f(y2)

for x1, x2, y1,y2 ∈ R+. Without loss, assume that h(x1, y1) ≥ h(x2, y2). Then α(h(x1, y1)) ≥
α(h(x2, y2)) by the monotonicity of α, and so

0 ≤ h(x1, y1)− h(x2, y2) ≤ α(h(x1, y1)) · (x2 − x1) + f(y1)− f(y2),

implying

|h(x1, y1)− h(x2, y2)| ≤ α(h(x1, y1)) · |x2 − x1|+ |f(y1)− f(y2)|

≤ αc |x2 − x1|+ |f(y1)− f(y2)| . (7)

Since f is continuous, the left hand side is small if (x1, y1) is close to (x2, y2), proving
continuity of h. Finally taking y1 = y2 in (7) proves (5).

The function h given in (4) is defined only for nonnegative arguments, but it can
be continuously extended to R2, for instance by letting

h̄(x, y) = h(max{0, x},max{0, y}).

Clearly h̄ satisfies the Lipschitz property (5). Consider now the initial value problem

εẋ (t) = h̄(x(t), x(t− 1)), t ≥ 1 (8)
x (t) = ϕ (t) , 0 ≤ t ≤ 1,

where ϕ ∈ C[0, 1] is some given continuous function on [0, 1], and ε > 0. On the time
interval [1, 2] the problem is equivalent to solving

εẋ(t) = h̄(x(t), ϕ(t− 1))
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which is a non-autonomous ordinary differential equation. Therefore it has unique
solution x(t) defined on some subinterval of [1, 2] by the Lipschitz property of h̄; fur-
thermore, x(t) is continuously differentiable for t > 1. If x(t) exists on the whole
interval [1, 2], then it can be taken as the initial data and the same procedure can be
repeated on the next time interval [2, 3], and so on. Thus (8) has a unique solution,
which will occasionally be denoted by x(t; ε, ϕ) to stress the dependence on ε and ϕ,
and one can talk about a local semiflow in the space C[0, 1]. Nonnegative solutions
x(t) are also solutions to the original equation (3) since then the functions h and h̄
coincide. Using these observations, the next theorem and its corollary settle the issue
on the existence of solutions.

Theorem 1 Suppose the conditions (A) are satisfied, f : R+ → R is continuous, and
ε > 0 . Let I ⊂ R+ be a compact interval such that f(I) ⊂ I . Then for any ε > 0
and continuous function ϕ : [0, 1] → I, the initial value problem

εẋ (t) = −α (εẋ (t)) x (t) + f (x (t− 1)) , t ≥ 1,
x(t) = ϕ(t), 0 ≤ t ≤ 1

(9)

has a unique solution x(t; ε, ϕ). Furthermore, x(t; ε, ϕ) is C1 and belongs to I for t > 1.
If in addition ϕ(1) ∈ int(I), where “int“ denotes interior, then x(t; ε, ϕ) ∈ int(I) for
all t ≥ 1.

Proof. Existence, uniqueness, and continuous differentiability of solutions to the
initial value problem (8) was discussed in the paragraph preceding the theorem. Let
I ⊂ R+ be as in the statement of the theorem, and let ϕ : [0, 1] → I be continuous. If
x(t; ε, ϕ) is shown to remain in I, then it is bounded and thus is defined for all forward
time. Moreover, on R+×R+ the function h̄ is identical to the function h defined in (4);
so by Lemma 1, x(t; ε, ϕ) is the solution to (9). It thus remains to show that x(t; ε, ϕ)
does not leave I. To this end, define

t0 = sup {t ∈ [1,∞) : x (s) ∈ I for all s ∈ [1, t]} .

Suppose that t0 is finite, and assume that x(t) leaves the interval I from the right. For
definiteness, denote the interval by I = [B,A]. By the continuity of x, we then have
x(t0 + δ) > A for all positive and small δ, say for all δ ∈ (0, δ∗] for some number δ∗.
Now if there exists δ ∈ [0, δ∗] such that ẋ(t0 + δ) > 0, then properties (A) imply that
α(εẋ(t0 + δ)) ≥ 1, so that

ẋ (t0 + δ) ≤ −x(t0 + δ) + f(x(t0 + δ − 1)) ≤ −A + A = 0.

This contradiction shows that ẋ (t0 + δ) ≤ 0 for all δ ∈ [0, δ∗], i.e., x(t) is nonincreasing
for t ∈ [t0, t0 + δ∗]. Since x(t0) = A, this contradicts the assumption that x(t0 + δ) > A
for all δ ∈ (0, δ∗]. Hence x(t) cannot leave I from the right in finite time. By a similar
argument, it can be shown that it cannot leave from the left; hence, x(t; ε, ϕ) ∈ I for
all t > 1.

To prove the last statement of the theorem, assume that B < ϕ(1) < A. For the
corresponding solution x(t; ε, ϕ) we first show that

x(t) + εẋ(t) ≤ A, for t > 1. (10)
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This is obviously true whenever ẋ(t) is negative since x(t) ∈ [B,A] by the first part of
the theorem. When ẋ(t) is positive, on the other hand, one has α(εẋ(t)) ≥ 1 so that

εẋ(t) ≤ −x(t) + f(x(t− 1) ≤ −x(t) + A

since f(I) ⊂ I. This proves (10). Now for s ≥ 1 consider

d

ds

(
exp[ε−1s]x (s)

)
= ε−1 exp[ε−1s]x (s) + exp[ε−1s]ẋ (s)

≤ ε−1 exp
[
ε−1s

]
A,

by (10). Integrating from 1 to t ∈ [1,∞) and noting x(1) = ϕ(1) < A gives

x (t) ≤ A + exp
[
−ε−1 (t− 1)

]
(x (1)−A) < A.

Similarly it is proved that x(t) > B for t ≥ 1; hence, x(t) ∈ int(I) for t ≥ 1.

Corollary 1 If f satisfies the conditions (F), then for any ε > 0 and nonnegative
ϕ ∈ C[0, 1], the initial value problem (9) has a unique solution x(t; ε, ϕ), which is
continuously differentiable and nonnegative for t > 1.

Proof. If f satisfies the conditions (F), then there is a compact interval I satisfying
f(I) ⊂ I. Indeed, [0,K] is such an interval for K ≥ supx≥0 f(x). For nonnegative initial
data ϕ ∈ C[0, 1], K can be chosen to be also greater than the maximum value of ϕ;
it then follows by Theorem 1 that the corresponding solution x(t; ε, ϕ) exists and is
nonnegative for t > 1.

We now turn to the stability of the equilibrium solutions of (2). Under the as-
sumptions (A), the equilibrium points x∗ are seen to satisfy x∗ = f(x∗), i.e., they are
the fixed points of f . The assumptions (F) imply that f has a unique fixed point.
To investigate the stability of the equilibrium solution x∗, it will be assumed that the
derivatives α′(0) and f ′(x∗) exist. Linearizing (2) about x∗ then gives

εGẋ (t) = −x (t) + kx (t− 1) , (11)

where
k = f ′(x∗), G = (1 + x∗α′(0)). (12)

Note G is positive since in (A) α is assumed to be nondecreasing. The characteristic
equation for (11) is obtained as usual by assuming solutions of the form exp[ξt], which
demands that

ξ +
1

εG
− k

εG
e−ξ = 0. (13)

The next result is about the roots of this equation and follows from Propositions A1
and A2 in [14].

Proposition 1 Let ε and G be positive numbers.
(i) If −1 ≤ k < 1, then all solutions ξ of (13) have negative real parts.
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(ii) Let k < −1, and define ε0 by

ε0 =
√

k2 − 1
Gω0

, (14)

where ω0 is the unique solution of

cosω0 =
1
k
, ω0 ∈ (π/2, π).

Then for ε > ε0, all solutions ξ of (13) have negative real parts. For ε = ε0, (13)
has a pair of complex conjugate roots ξ = ±iω0, which are simple roots, and there are
no other roots with zero real part. For ε near ε0, there is a unique pair ξ0(ε), ξ∗0(ε)
of complex conjugate roots near ±iω0. The function ξ0(ε) depends analytically on ε,
satisfies ξ(ε0) = iω0, and its derivative satisfies Reξ′(ε0) < 0. For ε ∈ (0, ε0), (13) has
a solution ξ with positive real part.

The implications of the foregoing linearization argument are summarized in the
following theorem, whose conclusions are immediate using the previous proposition.

Theorem 2 Suppose the conditions (F) and (A) are satisfied and let x∗ be the fixed
point of f . Assume further that the derivatives α′(0) and f ′(x∗) exist and f ′(x∗) < −1.
Let ε0 be defined by (12) and (14). Then for ε > ε0 the equilibrium solution x∗ of (2)
is stable, and for 0 < ε < ε0 it is unstable.

Recall that ε = 1/τ ; thus, this theorem gives another example of the well-known
fact that large delays, as well as too steep feedback functions, can introduce instability
in a control system. If f and α are assumed to be C1 in neighborhoods of x∗ and 0,
respectively, then by the Hopf bifurcation theorem [6], a branch of periodic solutions of
(2) bifurcate locally from the equilibrium solution at ε = ε0. For the pupil light reflex,
the significance of Theorem 2 lies in the fact that the bifurcation value ε0 depends on
α′(0). Hence increasing the steepness of α at the origin works in the opposite direction
to increasing the delay time or the steepness of the feedback in determining the stability
of the equilibrium. Since ε0 → 0 as α′(0) →∞, it may be expected that in the limiting
case when α becomes a step function, the equilibrium solution becomes stable for all
ε > 0 and f ′(x∗). We next show that this indeed is the case, but doing so requires an
approach different than linearization since α′(0) is no longer defined when α is a step
function.

2.2 Step Function Model

We now consider the case when α is given by the step function

α(ẋ) =





αd if ẋ < 0
[αd, αc] if ẋ = 0

αc if ẋ > 0
, (15)

where αd and αc are numbers satisfying

0 < αd ≤ 1 ≤ αc , αd 6= αc. (16)
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Such a function is depicted in Figure 1-(b). Note that the value of α at the origin is an
interval. In [10] a step function which is two-valued at the origin is used, but we will
see that with this choice, (1) can fail to have a solution for certain initial conditions,
for instance in neighborhoods of equilibria (see also [1]). On the other hand, with α as
defined in (15) the solutions will be shown to be well-defined.

With α given by (15), it is still possible to write (2) in the form (3) as in Section
2.1, but this time the function h can be explicitly determined as follows: If the two
equations (2) and (3) are to be equivalent, then h should satisfy (4). If h > 0, then (4)
and (15) imply that h = −αcx + f(y), i.e., f(y) > αcx. Similarly when h is negative,
it must be equal to −αdx + f(y) < 0, and that happens when f(y) < αdx. These
observations imply that for x,y satisfying αdx ≤ f(y) ≤ αcx, we must have h(x, y) = 0.
Hence, h is the function given by

h(x, y) =





−αdx + f(y) if f(y) < αdx
0 if αdx ≤ f(y) ≤ αcx

−αcx + f(y) if f(y) > αcx
. (17)

The foregoing argument also shows why the value of the step function α at the origin
needs to be the whole interval [αd, αc]. To make this clear, take p ∈ [αd, αc]. Now if
for some t, x(t) and x(t− 1) are such that f(x(t− 1)) = p x(t), then the derivative ẋ(t)
is necessarily zero, as discussed in the previous paragraph. Equation (2) then implies
that α(0) = f(x(t−1))/x(t) = p. Thus α(0) should be allowed to assume all the values
in the interval [αd, αc].

If f : R+ → R is continuous, then the function h defined by (17) is also continuous
on R+ × R+. It can also be shown to satisfy the Lipschitz property (5). The proof
of (5) in the previous section used the monotonicity property in (A). Although the
step function α given by (15) is multi-valued at the origin, it still has a monotonicity
relation—namely, h1 ≤ h2 implies that α(h1) ≤ α(h2) whenever h1 and h2 are not
both zero. Since (5) is trivially satisfied when h1 = h2 = 0, the same argument used in
Lemma 1 to prove (5) works also when α is the step function (15). Similarly, Theorem
1 and its corollary continue to hold, as an investigation of their proofs shows.

As for the equilibrium points of (2), these are seen to be solutions x of the equation
h(x, x) = 0, since (2) can be equivalently written as (3). Using (17) one sees that x is
an equilibrium solution if and only if

αd ≤ f(x)
x

≤ αc. (18)

By the assumptions (F), the function f(x)/x is continuous and decreasing on (0,∞);
furthermore, its range includes all positive real numbers.. Hence, there exist unique
numbers xc and xd satisfying

f(xd)
xd

= αd and
f(xc)

xc
= αc, (19)

where xc < xd. It then follows that x is an equilibrium point if and only if x is in the
interval [xc, xd]. Thus with the step function (15) representing the response asymmetry,
the differential equation (2) has an interval of equilibrium points. It will be shown that
the set of equilibrium solutions is a locally attracting set in the phase space C[0, 1].
The next lemma will be needed in the proof of the stability result.
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Lemma 2 Suppose that f satisfies the conditions (F). Let xc and xd be defined by (19).
(i) Let h be given by (4). Then

h(x, y) ≥ 0 if x, y ∈ [0, xd],

and
h(x, y) ≤ 0 if x, y ∈ [xc,∞).

(ii) Let ϕ : [0, 1] → [xc, xd] be a continuous function and ε > 0. Suppose α is the
step function given by (15). Then the solution x(t; ε, ϕ) of (2) satisfies x(t; ε, ϕ) = ϕ(1)
for all t ≥ 1. Hence, [xc, xd] is an invariant interval for solutions of (2).

Proof. To prove (i), note that if y and x are both less than or equal to xd, then

f(y) ≥ f(xd) = αdxd ≥ αdx

which implies by (17) that h(x, y) ≥ 0. The second inequality is proved similarly. Now
(i) implies that h(x, y) = 0 when x and y both lie in the interval [xc, xd]. Thus if
ϕ(t) ∈ [xc, xd] for 0≤ t ≤ 1, then the function

x(t) =

{
ϕ(t), 0 ≤ t ≤ 1
ϕ(1), t ≥ 1

satisfies (3) for t ≥ 1 since

εẋ(t) = 0 = h(x(t), x(t− 1)), t ≥ 1.

Conclusion (ii) then follows by the uniqueness of the solutions and the equivalence of
(2) and (3).

The second conclusion of this lemma implies that an equilibrium point p ∈ [xc, xd]
cannot be asymptotically stable. Nevertheless, the next theorem shows that the totality
of equilibrium solutions as a set is locally attracting in the phase space C[0, 1] under
the evolution of the delay differential equation (2).

Theorem 3 Let f satisfy the conditions (F), α be the step function given by (15), and
ε > 0. Let xc and xd be defined by (19) and define the set E by

E = {ϕ ∈ C[0, 1] : ϕ(t) ≡ p for some p ∈ [xc, xd].

Then E is a compact, invariant, locally attracting set in the phase space C[0, 1] of the
differential equation (2).

The idea is as follows. If a trajectory starts, say, from the left of the interval of
equilibria, then by part (i) of Lemma 2 it has positive velocity until it crosses through
the interval to the other side. Part (ii) of the lemma says that if it cannot cross the
interval within unit time, then it is trapped there forever. So unless the velocity is
high enough, crossing the interval is not possible. By taking initial conditions close
to the equilibria, velocities can be guaranteed to be small, so that the trajectories get
captured by the interval of equilibria. We give a precise proof.
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Proof. Invariance of E follows by part (ii) of Lemma 2, and its compactness is
immediate by the theorem of Arzela-Ascoli. We will fix ε > 0 and show that there
exists a positive δ such that

(ϕ ∈ C[0, 1] and dist(ϕ, E) ≤ δ) ⇒ dist(x(t; ε, ϕ), E) → 0 as t →∞, (20)

where “dist” denotes the distance induced by the usual sup norm on C[0, 1]. The
number δ is chosen to satisfy the conditions

xd − xc − 2δ > 0,

f(xc − δ)− f(xc) < ε(xd − xc − 2δ), (21)
f(xd)− f(xd + δ) < ε(xd − xc − 2δ).

Such a positive δ exists since these inequalities are obviously satisfied for δ = 0, and
f is continuous and nonincreasing. Now if ϕ(t) ∈ [xc + 2δ, xd − 2δ] for t ∈ [0, 1], then
(20) follows by the first inequality in (21) and part (ii) of Lemma 2. Since ϕ is in an
δ-neighborhood of E, it remains to consider the cases when ϕ is in [xc − δ, xc + 2δ] or
[xd− 2δ, xd + δ]. We observe then that it suffices to prove the following two statements
to complete the proof of (20)

If ϕ(t) ∈ [xc − δ, xc + 2δ] for t ∈ [0, 1], then x(t; ε, ϕ) ≤ xd for t ≥ 1, (22)

and
If ϕ(t) ∈ [xd − 2δ, xd + δ] for t ∈ [0, 1], then x(t; ε, ϕ) ≥ xc for t ≥ 1. (23)

For instance, if (22) holds, then for t > 1 we have x(t) ≤ xd and ẋ(t) ≥ 0 by Lemma 2,
which implies that ẋ(t) → 0 and x(t) → p as t → ∞ for some number p. But then p
must be an equilibrium point and hence must belong to the interval [xc, xd]. A similar
argument for (23) will then complete the proof of the theorem. Hence, it remains to
prove the statements (22) and (23). We will only prove (22) as the proof of (23) is
similar.

Let ϕ be as in (22) and define T and Td by

T = inf{t ≥ 1 : x(t; ε, ϕ) = xc + 2δ},

Td = inf{t ≥ T : x(t; ε, ϕ) = xd}.
If Td is not finite then (22) is proved; hence assume that it is finite. Note that for
t ∈ [1, Td], both x(t) and x(t− 1) are less than xd; hence, by part (i) of Lemma 2,

ẋ(t) ≥ 0 for t ∈ [1, Td],

which implies
xc ≤ x(t) ≤ xd for t ∈ [T, Td]. (24)

as well as
x(t− 1) ≥ xc − δ for t ∈ [1, Td].

Since f is nonincreasing, the last inequality implies

f(x(t− 1)) ≤ f (xc − δ) for t ∈ [1, Td] (25)
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We will put an upper bound on the derivative ẋ(t) on the interval [T, Td]. When
ẋ(t) > 0, (15) implies that α(εẋ(t)) = αc, and using (24) and (25) in (2) one obtains

εẋ(t) = −αcx(t) + f(x(t− 1)) ≤ −αcxc + f(xc − δ).

Substituting (21) and then (19) into this inequality gives

εẋ(t) < −αcxc + f(xc) + ε(xd − xc − 2δ) = ε(xd − xc − 2δ),

i.e., ẋ(t) < (xd − xc − 2δ) for t ∈ [T, Td]. Integrating on [T, Td] gives

x(Td)− x(T ) < (Td − T )(xd − xc − 2δ). (26)

On the other hand, by the definition of T and Td,

x(Td)− x(T ) = xd − (xc + 2δ),

which, when substituted into (26), implies

xd − (xc + 2δ) < (Td − T )(xd − xc − 2δ).

Since (xd − xc − 2δ) is positive by the assumptions (21), we must have (Td − T ) > 1.
Then (24) holds on an interval of length at least 1, and part (ii) of Lemma (2) can
be applied to conclude that x(t) = x(T + 1) ≤ xd for all t ≥ T + 1, and hence for all
t ≥ Td. This contradicts the definition of Td if Td is assumed to be finite. Hence Td is
∞, which proves (22), and completes the proof of the theorem.

The implication of Theorem 3 is worth restating: The equilibria are stable when α
is the step function given by (15). The conclusion is independent of the value of ε (and
hence of the time delay in the system) or of the steepness of the feedback function.
This is in sharp contrast to the case of constant α, which corresponds to the absence
of asymmetry, where large delays or steep feedback causes instability. The proof of the
theorem only makes use of the fact that αd < αc, i.e., α has a jump at the origin. What
is perhaps more interesting is that the result holds regardless of the magnitude αc−αd

of this jump. In other words, even if the equilibrium point of (2) with a constant α is
unstable, introducing the slightest amount of positive jump in α at the origin results
in the stability of the equilibria. Of course, the domain of attraction of the equilibria
depends on the magnitude of the jump, shrinking down to the single equilibrium point
as the magnitude of the jump goes to zero.

3 Decreasing Rate Function

Here we briefly consider (2) for the case that α is a decreasing function of ẋ. In the
special case in which both α and f are step functions, it is possible to calculate the
limit cycle oscillations of (2) analytically [7]. The theoretically predicted amplitude
and period of the pupil area oscillations are in good agreement with those observed
in experiments involving the pupil light reflex [15]. However, mathematical difficulties
arise when f is smooth negative feedback. The problems come up because it is not
necessarily possible to uniquely express ẋ(t) in terms of x(t) and x(t− 1), as we did in
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Figure 2: Multiple solutions for the derivative when α is a decreasing function.

(3). The reason for this is easy to see graphically. Letting u = εẋ(t), c1 = f(x(t− 1)),
and c2 = x(t) in (2) gives

α(u) =
c1 − u

c2
.

With α a decreasing function, there is at least one solution u satisfying this equation,
but there may exist two or three distinct solutions depending on the values of c1 and
c2, as shown in Figure 2. Hence, it is not possible to write (2) in the form (3) for some
unique function h, and the results of Section 2 concerning existence and uniqueness
of solutions are not readily applicable to the case of decreasing α. This is more than
simply a theoretical nuisance, since not being able to determine the derivative uniquely
makes it impossible to solve the equation numerically. This creates problems in testing
the model against experiments.

For the special case when α is a continuous nonincreasing function and α(0) = 1
there is then a single equilibrium x∗ which is the fixed point of f as before. Assuming
that the various derivatives exist, the linearized equation is again (11), but with an
important difference. The quantity G = 1 + x∗α′(0) becomes negative once x∗α′(0) <
−1. Thus, in contrast to the results in Section 2, as α is made steep to approximate a
step function the characteristic function has a positive real solution. To see this, let ∆(ξ)
denote the left-hand-side of (13), and note that ∆(0) is negative while limξ→∞∆(ξ) =
+∞; hence ∆ has a positive root of by the intermediate value theorem. The implication
is that for sufficiently steep α, the equilibrium point is always unstable. This is a strong
conclusion since it holds for any negative feedback function and any value of the delay.

The fact that a decreasing rate function implies instability of the equilibrium solu-
tion is consistent with the results of the previous sections. Starting with a constant α
and perturbing it to get an increasing function results in increased stability, as shown
in Section 2. On the other hand, perturbing α to get a decreasing function decreases
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stability. Hence, once the function α becomes sufficiently steep, the direction of the
asymmetry determines the stability of the equilibrium solutions.

4 Conclusion

The presence of response asymmetry has very strong implications regarding stability. If
the rate function is increasing (resp., decreasing) and is sufficiently steep at the origin
(e.g., a continuous approximation to a step function), then the equilibria are stable
(resp., unstable). The result is especially robust for the increasing step function, where
stability is not lost by increasing the steepness of the feedback or the time delay in the
system. It could thus be interesting to consider such asymmetries in applications like
automatic control system design.

Our observations have implications for the study of neuro-muscular reflexes such as
the pupil light reflex. In the pupil light reflex there is an inverse relationship between
the neural input to the iris musculature and pupil size, i.e. the higher the neural input
the smaller the size. Our results suggest that assessments of the stability characteristics
of the reflex may depend on whether the measured pupil size or the neural input is used
as the variable x in (1). The rate of neural activity is higher when ẋ > 0 (i.e. the pupil
is constricting), hence the function α(ẋ) is an increasing function. On the other hand,
from the point of view of pupil size, the larger rate constant occurs when ẋ < 0 and
hence the function α(ẋ) is a decreasing function.

Our results derived hold under the assumption of a continuous negative feedback
function; hence, they are not applicable to the case of piecewise constant feedback
described in [9] and [15]. In these experimental setups, there are limit cycle oscillations
but no equilibrium solutions. On the other hand, even for continuous negative feedback,
the stability of equilibria does not preclude the existence of periodic solutions. In fact,
it is possible to show that equation (2) with α the step function given by (15) has
periodic solutions, although Hopf bifurcation from equilibria does not occur. This will
be the subject of a forthcoming paper.

Acknowledgment. We thank Professor John Milton for his generous help during
the revision of this paper.
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